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Abstract  
In this paper, a boundary value problem for an elliptic equation degenerating within the domain 
is studied. By applying the Hankel transform and the method of separation of variables, the 
solution to the Dirichlet problem is presented in explicit form. The problem under study is 
equivalently reduced to solving a singular integral equation with a Cauchy kernel. Using the 
Carleman-Vekua method, its solution is found in explicit form. 
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     Introduction   
According to the Singular partial differential equations, appear during the study of several 
of aerodynamics and gas dynamics and irrigation problems. The Dirichlet problem and a 
Neumann-type problem for an elliptic equation in a vertical semi-strip were studied in. A 
Neumann-type boundary value problem for the Holmgren equation with a singular 
coefficient and a spectral parameter was solved in. A nonlocal problem for a class of 
equations of mixed type was investigated in. 
 

     Methodology  
Consider the equation 
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      in the domain D D D I+ −=    

      where {( , ) : 0, 0}D x y x y+ = > >  

      {( , ) : 0, 0}D x y x y− = > <  
      {( , ) : 0, 0}I x y x y= > =  
      In the domain D  we study the following boundary value problem for equation. 
 

Problem D. Find a function ( , )u u x y=  in the domain D  satisfies the following 
conditions: 
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1. 
2( , ) ( ) ( )u x y C D C D D+ −∈ ∩ ∪  and satisfies equation (1) in D D+ −∪ ; 
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0, ( , )x y> ∈ −∞ ∞ ; 

3. ( , )u u x y=  satisfies boundary conditions 
(0, ) ( ), ( , )u y y yϕ= ∈ −∞ +∞     (3) 

and the transmisson condition 
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where these limits as 0,x x= = ∞  may have singularities of order less than one, where 
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and 
( ) [0, ), ( ) ( ,0]y C y Cϕ ϕ+ −∈ ∞ ∈ −∞ , 
(0) (0) 0, ( ) 0ϕ ϕ ϕ+ −= = ∞ = . 

In this work, we will apply the method of integral equations. 
 

     Findings and Discussion 
Theorem. Suppose that conditions  

2 2( ) (0, ), ( ) ( ) ( ,0)
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y y L y y Lϕ ϕ+ −∈ ∞ − ∈ −∞  
are satisfied. Then, problem D  is uniquely solvable. 

     Conclusion   
In this paper, the Dirichlet problem for the Holmgren equation with a singular coefficient 
in a half-plane is studied. The proof is carried out using the method of integral equations. 
The problem is reduced to solving a singular integral equation, and its solution is obtained 
in closed form via the Carleman-Vekua method. 
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